In this paper, we show that the smallest length for which there is an extremal ternary self-dual code with a trivial automorphism group is 28 by constructing such a code of length 28. This code is the ÿrst example of extremal ternary self-dual codes with trivial automorphism groups. An extremal ternary self-dual [32; 16; 9] code with a trivial automorphism group is also constructed. A 32-dimensional odd unimodular lattice with minimum norm 3 and a trivial automorphism group is obtained from the code by Construction A.
Introduction
A ternary self-dual [2n; n] code C is a code over the ÿnite ÿeld GF(3) = {0; 1; 2} of order 3 satisfying C = C ⊥ where the dual code C ⊥ of C is deÿned as C ⊥ = {x ∈ GF (3) 2n | x · y = 0 for all y ∈ C}. A ternary self-dual [2n; n; d] code exists if and only if 2n ≡ 0 (mod 4), and the minimum weight d is bounded by d 6 3[n=6]+3. If d = 3[n=6] + 3, then the code is called extremal. All ternary self-dual codes of length 6 20 have been classiÿed and there are exactly two inequivalent extremal self-dual codes of length 24 (cf. [7] ).
The automorphism group Aut(C) of C consists of all monomial matrices A over GF (3) such that xA ∈ C for all codewords x. Of course, −I is an element of Aut(C), so {I; −I } is the smallest possible automorphism group. Such an automorphism group is called trivial. The occurrence of self-dual codes with trivial automorphism groups has been investigated (cf. [2, p. xlviii], [4, Section 7:5] and [7, Section 13:3] ). In particular, it is a problem to determine the smallest length for which there is a code with a trivial automorphism group for each class of self-dual codes. All binary doubly-even E-mail address: mharada@sci.kj.yamagata-u.ac.jp (M. Harada). self-dual codes of lengths up to 32 are known (cf. [7] ) and none of these have trivial automorphism groups. The ÿrst example of a binary doubly-even self-dual [40; 20; 8] code with a trivial automorphism group was constructed by Tonchev [8] . Hence the smallest length for which there is a binary doubly-even self-dual code with a trivial automorphism group has been completely determined. The problem of ÿnding the smallest length for which a binary self-dual code with a trivial automorphism group has not been determined. The smallest length is 32 or 34 (cf. Research Problem 7:11 in [4] ). However, the problem under the condition that codes are extremal self-dual codes, that is, codes have the largest minimum weight among all self-dual codes of that length has been determined, since all extremal singly-even [32; 16; 8] codes have non-trivial automorphism groups.
In this paper, we consider this problem for the ternary extremal self-dual codes case. For ternary self-dual codes, the smallest length is 24. More precisely, all ternary self-dual codes of lengths up to 20 and extremal ternary self-dual [24; 12; 9] codes have non-trivial automorphism groups and there is a ternary self-dual [24; 12; 6] code with a trivial automorphism group (cf. [5] ). Hence the possible smallest length for which an extremal ternary self-dual code with a trivial automorphism group exists is 28. In this paper, we construct an extremal ternary self-dual [28; 14; 9] code with a trivial automorphism group. This solves the above problem in the ternary extremal self-dual codes case. In other words, it is shown that the smallest length for which there is an extremal ternary self-dual code with a trivial automorphism group is 28. This code implies the existence of some 3-designs with trivial automorphism groups. An extremal ternary self-dual [32; 16; 9] code with a trivial automorphism group is also constructed. We give an explicit example of an odd unimodular lattice with a trivial automorphism group using the above code. Only a few examples of unimodular lattices with trivial automorphism groups are known [1] and [6] (see also [2, p. xlviii]).
Self-dual codes with trivial automorphism groups
By the method given in [3] , we have found a number of extremal ternary self-dual codes of length 28. We have veriÿed by MAGMA that some of them have trivial automorphism groups. One of such extremal self-dual codes has the following generator matrix: 
Note that most of codes which we have veriÿed have trivial or small automorphism groups.
As described in Section 1, all extremal self-dual codes of lengths up to 24 have non-trivial automorphism groups. Therefore we have the following: Theorem 1. The smallest length for which there is an extremal ternary self-dual code with a trivial automorphism group is 28.
Remark 1.
The above code is the ÿrst example of extremal ternary self-dual codes with trivial automorphism groups.
By the Assmus-Mattson theorem, the support of codewords of weight k in an extremal self-dual code of length 28 forms a 3-design if k = 9; 12 or 15. It is not di cult to see that these 3-designs have trivial automorphism groups. Hence we have the following:
Corollary 2. There is a 3-(28; k; ) design with a trivial automorphism group for (k; ) = (9; 28), (12; 2640) and (15; 53340).
In this connection, we have also found an extremal ternary self-dual [32; 16; 9] code with a trivial automorphism group. The code has the following generator matrix:
1000000000000000 1101120200102212 0100000000000000 1012211012012200 0010000000000000 2012120102020222 0001000000000000 0201202121222020 0000100000000000 0012020100102202 0000010000000000 2120212122222220 0000001000000000 1202121202222222 0000000100000000 1201212002022220 0000000010000000 0212221021222122 0000000001000000 1221222200121222 0000000000100000 0210020122202112 0000000000010000 0012202000021011 0000000000001000 2222220221210121 0000000000000100 2222222012101212 0000000000000010 2022221102222121 0000000000000001 2202221120001210
The next length is 36 and the Pless symmetry code is the known ternary extremal self-dual code of this length. It has a large automorphism group. It is a worthwhile problem to construct an extremal self-dual code with a trivial automorphism group for this length. We summarize in Table 1 the smallest lengths for which a self-dual code with a trivial automorphism group exists for each class of binary and ternary self-dual codes.
A unimodular lattice with a trivial automorphism group
In this section, we investigate the automorphism group of the odd unimodular lattices from C 28 and C 32 by Construction A (see [2] for undeÿned terms). It is known that there is an odd (resp. even) unimodular lattice with a trivial automorphism group {±I } in dimension 29 (resp. 32). Both dimensions are the smallest possible [1] (see also [2, p. xlviii] ). Hence the odd unimodular lattice L 28 obtained from C 28 by Construction A has a non-trivial automorphism group although C 28 has a trivial automorphism group. Let L 32 be the odd unimodular lattice obtained from C 32 by Construction A. We have also veriÿed by MAGMA that L 32 has a trivial automorphism group. L 32 is an example of a 32-dimensional odd unimodular lattice with minimum norm 3 which has a trivial automorphism group.
Proposition 3.
There is a 32-dimensional odd unimodular lattice with a trivial automorphism group.
Only a few examples of unimodular lattices with trivial automorphism groups are known [1] and [6] (see also [2, p. xlviii] ).
